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The yielding of compacted moist cement-mixed gravelly (CMG) soil, subjected to arbitrary loading histories with two stress variables, is
studied by means of non-standard drained triaxial compression tests. A non-linear three-component model is modiﬁed to describe the elasto-
viscoplastic property affected by ageing and shear yielding-associated damage. The development of the inviscid yield locus (YL) is formulated
based on the interactive double-yielding mechanism that comprises (i) the bounding mechanism controlled by “inviscid YL, YB” and (ii) the
frictional mechanism controlled by “inviscid YL, YF”. Each inviscid YL is determined as an inner envelope of a given set of YB and YF that have
developed by ageing and shear yielding and have been affected by damage. As the inviscid YL approaches the peak strength line, the shape
changes in association with a decrease in the effect of YB and an increase in the effect of YF. The size and shape of the respective YLs in total
stresses (i.e., measured effective stresses) are different from those of the corresponding inviscid YLs due to the viscous effects. The total stress–
strain relation for a given loading history is obtained by accounting for the viscous effects from the inviscid stress–strain relation, which is
obtained from the basic inviscid stress–strain relation accounting for the effects of ageing and damage. It is shown that this model can properly
simulate the development of YL for a wide variety of loading histories applied along various stress paths.
& 2016 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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As long as the stress state is kept below the current yield
locus (YL) or yield surface for large-scale yielding, the tangent
stiffness is substantially higher than that at the same stress
level when large-scale yielding takes place. Unlike unbound
geomaterials, the YL of cement-mixed soil expands not only10.1016/j.sandf.2016.01.006
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der responsibility of The Japanese Geotechnical Society.with strain-hardening by yielding, but also with time by
positive ageing (Tatsuoka et al., 2008b, 2008c). This feature
is very important for the backﬁll used for important soil
structures, such as bridge abutments, as it allows for very small
deformation. This feature can be properly described only by a
relevant elasto-viscoplastic (EVP) model incorporating ageing
effects. For example, for loading histories (1), (2) and (3) in
Fig. 1a, an elasto-plastic (EP) model predicts the same stress–
strain relation seen in Fig. 1b. An elasto-viscoplastic (EVP)
model predicts creep deformation b–c, which expands the YL
from the one at stage b to the one at stage d, as seen in Fig. 1c.Elsevier B.V. All rights reserved.
Fig. 1. Different responses under TC stress conditions predicted by different models and actual behavior of CMG.
Fig. 2. Non-linear three-component model with effects of ageing and damage
(Tatsuoka et al., 2008b).
A. Ezaoui et al. / Soils and Foundations 56 (2016) 73–9274Upon the restart of monotonic loading (ML), the stiffness is
very high until point d (on the current YL). The yield point
(YP) changes to point e, also due to ageing, during sustained
loading (SL), as seen in Fig. 1b and c. Di Benedetto et al.
(2002) and Tatsuoka et al. (2002, 2008a) showed that the non-
linear three-component model, shown in Fig. 2, can simulate
these EVP behaviors. The behavior of cement-mixed gravelly
(CMG) soil is even more complicated, as illustrated in Fig. 1b
and c, due to the effects of the positive interaction between
ageing and yielding taking place during SL b–c and the
yielding-associated damage to inter-particle bonding during
subsequent ML.To predict yielding for general stress paths, the changes in
shape, size and location of YL during a given loading history
should be known. Tatsuoka et al. (2008c) obtained a set of YL
for CMG aged at different triaxial compression (TC) stress
states. Ezaoui et al. (2010) proposed the interactive double-
yielding (IDY) mechanism. Therefore, the objective of the
present study is to examine whether the evolution of YL,
observed along a wide variety of TC stress paths, can be
appropriately simulated based on the IDY mechanism, that
develops due to the yielding-associated strain hardening and
ageing, and their interaction during shrinking due to damage.2. EVP framework incorporating ageing effect
2.1. Non-linear three-component model (Isotach)
According to the model (Fig. 2), total stress s (i.e.,
measured effective stresses) comprises inviscid stress sf,
activated in plastic body P, and viscous stress sv, activated
in viscous body V (Eq. (1)). Strain rate _ε comprises elastic part
_εe and visco-plastic (irreversible) part _εir (Eq. (2)).
s¼ sf þsv ð1Þ
_ε¼ _εeþ _εir ð2Þ
A. Ezaoui et al. / Soils and Foundations 56 (2016) 73–92 75Eqs. (1) and (2) are valid whether a given geomaterial is
unbound or bound and for any viscous property type and any
loading history. Under monotonic loading (ML) conditions (i.e.,
when always _εir40) along a given stress path, sf is a unique
function of εir. When the viscous property type is Isotach, sv
becomes a unique function of εir and its rate is obtained as
sv ¼ sf Ugvð_εirÞ ð3Þ
gvð_εirÞ ¼ α 1exp 1
j_εirj
_εirr
þ1
 m  
ð4Þ
where α, m and _εirr are the material constants. Eq. (3) is
generalized to Eq. (5) by replacing s with a non-dimensional
parameter that is equivalent to principal stress ratio Req (Fig. 3),
as follows:
Req ¼
s1þc*
s3þc*
¼ s
f
1þsv1þc*
sf3þsv3þc*
¼ RfeqþRveq ð5Þ
Rveq ¼ Rfeq Ugvð_eirIIÞ ¼
sf1þc*
sf3þc*
 !
Ugvð_eirIIÞ ð6Þ
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(1 is
the identity tensor). Under the TC stress conditions, _γir ¼ ð3=2ÞU
_eirII ¼ j_εir1  _εir3 j, where γ is the shear strain. c* in Eqs. (5) and (6)
is the cohesion term for bound geomaterials to consistently keep
the framework of Eq. (3) (Kongsukprasert et al., 2007). c*¼0
with unbound geomaterials (Di Benedetto et al., 2002).
The positive ageing effects and damage effects reﬂect the
bonding and de-bonding at the inter-particle contact points.
Hinchberger and Qu (2009) assumed that ageing and damage
have a direct link to the V body, but not the P body of the
model (Fig. 2). In the present study, it is considered that ageing
and damage do not affect viscosity function gv, but directly
affect the inviscid properties of bodies E and P. Moreover,
interactions between the ageing effect (as a function of time tc)
and the yielding-associated strain hardening in body P are
taken into account. Tatsuoka et al. (2008b) successfully
simulated the EVP behavior of CMG observed for a wide
variety of loading histories in drained TC tests at a ﬁxed
conﬁning pressure (s0h¼s03¼20 kPa) based on these postu-
lates. In the present study, extending Ezaoui et al. (2010), the
development of inviscid YL by yielding and ageing duringFig. 3. Stress parameters to describe the EVP behavior of geomaterials (c*¼0
for unbound geomaterials) (Ezaoui et al., 2010).arbitrary loading histories under general TC stress conditions is
formulated based on the experimental data.
2.2. Experimentally obtained yield loci
To obtain the yield loci (YLs), Kongsukprasert and
Tatsuoka (2005), Kongsukprasert et al. (2007), Tatsuoka
et al. (2008b, 2008c) and Ezaoui et al. (2010) performed
series of CD TC tests on CMG under essentially the same
conditions. An angular crushed sandstone (called model Chiba
gravel), obtained by sieving the original one from a quarry to a
maximum particle size of 10 mm, was mixed with normal
Portland cement. The cement/gravel ratio by weight (c/g) was
2.5% in most of the tests and 4.0% in some of the tests, both
usually employed in construction projects (e.g., Tatsuoka et al.,
2005). The trend of yielding is essentially the same for
c/g¼2.5% and 4% (Ezaoui et al., 2011). In the following,
c/g¼2.5% for the test results without a note that c/g¼4%.
Rectangular prismatic specimens, 72 mm 72 mm in cross-
section times 150 mm in height, were produced by hand-
tamping to a target dry density (2.0 g/cm3, 95% of the
maximum dry density equal to 2.10 g/cm3 by the standard
Proctor) at a water content of 9.65% (the optimum water
content). The vertical (axial) and horizontal (lateral) strains, εv
and εh, were measured locally with a pair of vertical local
deformation transducers (LDTs) and three pairs of horizontal
LDTs arranged on the lateral faces of the specimen. Table 1
summarizes the conditions of the previous CD TC tests
(Kongsukprasert and Tatsuoka, 2007; Tatsuoka et al., 2003;
Ezaoui et al., 2010) and those performed in the present study
(denoted by the letter “H”). The specimens were initially cured
at constant moisture under atmospheric pressure for different
periods of time (depending on subsequent TC loading history)
and then brought to stress point O (q¼0; s0h¼19.8 kPa;
Fig. 4b). Subsequently, the specimens (moist as compacted)
were subjected to various stress paths in order to evaluate the
effects of the initial curing period and/or the TC stress state
and period of re-curing on the shape, location and size of YL.
All the drained monotonic loading (ML) was performed at the
same constant axial strain rate of _εv¼0.03%/min.
Fig. 4a shows a typical data set. ML at s
0
h¼1.0 MPa was
ended at point D (q¼0.5 MPa; s0h¼1.0 MPa) for re-curing for
two days. Then, ML was restarted toward ultimate failure
either at the same s
0
h (¼1.0 MPa), or after s
0
h was decreased to
20 kPa or 0.5 MPa, or increased to 1.5 MPa. Along the
respective stress–strain curves presented in Fig. 4a and other
similar ones, by following the method described in Ezaoui et
al. (2010), the point of maximum curvature in the log(stress)–
log(strain) plot was deﬁned as the “total stress YP” as the point
where large-scale yielding starts (Jardine, 1992).
Fig. 4b shows the YPs for the specimens re-cured for 2 days
at points B (s0h¼0.02 MPa; q¼1.0 MPa), C (0.02 MPa;
1.4 MPa), E (1.0 MPa; 1.0 MPa) and D (q¼0.5 MPa; s0h¼1.0
MPa) (Fig. 4a), and two YPs for the specimens cured for nine
days at O. In this and other ﬁgures up to Fig. 14, YPs are
deﬁned in total stresses. For the same original data set, the
plots of YP presented in Fig. 4b are slightly different from
Table 1
CD TC test conditions.
Test wi (%) ρd (g/cm
3) c/g (%) Initial curing period,
tini (days)
Total curing perioda,
tc (days)
Re-curing stress state
(q, sh0) (MPa)
qmax (kPa) Stress path (stress points,
Fig. 6)
CB3-02 9.598 1.983 2.5 7 7 – 1683 O-A-B-C-X
CB3-01 9.598 1.980 2.5 9 9 – 1939 O-A-B-C-X
CB3-06 10.261 1.947 2.5 9 9 – 3319 O-P-Q-R-Y
CB3-08 8.903 1.978 2.5 9 9 – 4156 O-P-L-S-D-E-Z
CB3-10 9.839 1.955 2.5 9 9 – 5850 O-P-L-S-T-U-W
YL-015 8.751 2.000 2.5 7 9 (1.0, 0.02) 1991 O-A-Bc-C-X
YL-021 8.749 2.000 2.5 7 9 (1.0, 0.02) 4749 O-A-Bc-O-S-E-Z
YL-033 9.040 1.970 2.5 7 9 (1.4, 0.02) 2157 O-A-B-Cc-X
YL-031 9.330 1.980 2.5 7 9 (0.5, 1.0) 1856 O-A-Q-Dc-A-B-C-X
CB3-05 9.546 1.982 2.5 7 9 (0.5, 1.0) 3542 O-P-L-S-Dc-Q-R-Y
YL-028 9.530 1.970 2.5 7 9 (0.5, 1.0) 4540 O-A-Q-Dc-E-Z
CB3-17 9.478 1.972 2.5 7 9 (0.5, 1.0) 5700 O-P-L-S-Dc-S-T-U-W
YL-026 8.750 1.980 2.5 7 9 (1.0, 1.0) 2400 O-A-B-K-R-Ec-B-C-X
SP002 8.748 2.000 2.5 1 1 – 1030 O-A-B-C-X
SP001 8.739 2.000 2.5 3 3 – 1337 O-A-B-C-X
J016 8.709 2.000 2.5 14 14 – 2565 O-A-B-C-X
J002 8.750 1.999 2.5 30 30 – 3031 O-A-B-C-X
J017 8.806 1.998 2.5 60 60 – 3462 O-A-B-C-X
H-29 8.847 1.953 2.5 180 180 – 4130 O-A-B-C-X
H-14 11.263 1.912 2.5 7 7 – 4487 O-P-L-S-D-E-Z (CSR)
H-15 9.921 1.955 2.5 7 9 (1.0, 1.0) 4677 O-P-L-S-D-Ec-Z
H-17 9.719 1.948 2.5 7 9 (2.0, 1.0) 4647 O-P-L-S-D-E-Fc-Z
H-11 10.191 1.955 2.5 9.8 9.8 – – a-c-a-d-e-f(2)
H-20 10.196 1.941 2.5 9.8 9.8 – 2401 a-g-a-cb
D-08 11.615 1.915 2.5 9 9 – – MSL
H-02 8.038 1.983 2.5 7 14 (1.0, 0.02) 2477 O-A-Bc-C-X
H-025 9.186 2.000 4.0 9 9 – 2875 O-A-B-C-X
H-026 10.370 1.971 4.0 7 9 (1.0, 0.02) 2770 O-A-Bc-C-X
MSL: Multiple Steps Loading (changing s0h in the range from 0.02 MPa to 1.5 MPa when approaching the PSL). CSR: Change of Strain Rate (sudden changes in
the strain rate by a factor or up to 100 times). All tests performed at 95% of ρd_max at the optimum water content by the standard Proctor.
atc¼ total curing period equal to “initial curing period under unconﬁned condition” plus “re-curing period (sustained loading at an anisotropic stress state)”.
bSpecial stress path detailed in Fig. 9a and b.
cAnisotropic stress states wherere-curingby sustained loading was performed.
Fig. 4. (a) Effects of re-curing at stress point D (sh0 ¼1.0 MPa) on the subsequent ML behavior at different sh0 values and related YPs; and (b) experimental YPs
and failure points (Ezaoui et al., 2010) and simulated total stress yield loci.
A. Ezaoui et al. / Soils and Foundations 56 (2016) 73–9276those reported by Ezaoui et al. (2010). In the previous plot,
each YP was deﬁned for a non-linear curve starting from q¼0
ﬁtted to the respective measured q–εv relations starting fromthe restarting point (where q40) of ML after re-curing. In the
new plots, as a more objective method, each YP was deﬁned
for a non-linear curve starting from the restarting point of ML
Fig. 5. Conﬁgurations of YB and YF (a) at the end of initial ageing and (b) after yielding (Ezaoui et al., 2010).
Fig. 6. Stress paths and re-curing stress points in relation to the initial YL.
A. Ezaoui et al. / Soils and Foundations 56 (2016) 73–92 77ﬁtted to the respective q–εv relations. Each “total stress YL” for
the same initial and re-curing conditions is obtained by
simulation (explained later) connecting these measured “total
stress YPs”. Tatsuoka et al. (2008b, 2008c) showed experi-
mentally that the yielding/hardening of cement-mixed soil is
kinematic and successfully simulated this trend by the model
(Fig. 2) taking into account the ageing effects. It is seen from
Fig. 4b that different yield loci develop when cured at different
stress states, which also indicates kinematic yielding/harden-
ing. Only the peak strengths from continuous ML tests
(without intermediate SL stages) are plotted in Fig. 4b. A
linear line has been ﬁtted to all of the relevant data on peak
strength comprising those shown in Fig. 4b and those at higher
conﬁning pressures not presented in Fig. 4b.
It may be ﬁrstly seen from Fig. 4a and b that the shape of
the initial YL developed only by initial curing can be
approximated by a linear line; s0v¼s01¼constant, as
depicted in Fig. 5a. This shape is utterly different from the
peak strength line (PSL). Secondly, a relatively large stress
zone bounded by a YL, in which the stress–strain behavior
is very stiff, has developed by SL at the respective ﬁxed
anisotropic stress states. This development is due to (i)
strain-hardening associated with creep deformation, (ii)
positive ageing effects and (iii) their interactions. Thirdly,
the location, size and shape of YL depend considerably on
the re-curing stress state relative to the origin (i.e.,unstressed condition) and the PSL. For example, the shapes
of the YLs that expanded by re-curing at points B and C are
noticeably different from those by re-curing at points D and
E. Besides, as the YL approaches the PSL, generally its
shape gradually changes from the one of the initial YL
toward the one of the PSL. These trends are herein
formulated based on the interactive double yielding mechan-
ism (Fig. 5a and b). It is assumed that each YL is an internal
envelop of a YB (i.e., a YL for the bonding mechanism) and
a YF (i.e., a YL for the frictional mechanism) that have
developed along with yielding affected by associated
damage (de-bonding effect), as well as ageing.
3. Special tests to examine the mechanism of YL
development
To identify the underlying mechanism of the development
of YB and YF by ageing, yielding and their interaction, nine
CD TC tests denoted by the letter “H” in Table 1 were
performed along the stress paths shown in Fig. 6.
3.1. Positive interaction between ageing and yielding
The peak strength and stiffness of CMG increases consider-
ably with time by positive ageing effects during unstressed
initial curing for periods of 1–180 days (Fig. 7). The location
of initial YP, denoted by a hollow circle, also became higher.
However, the stress–strain behavior and peak strength are not
simple functions of the curing period, as shown below. In
Fig. 8a, a hollow circle denotes the YP when sh0 ¼20 kPa that
developed by initial curing for 7 days (shown in Fig. 7). In test
YL-015, the specimen was re-cured for two days at point B
(sh0 ¼20 kPa), located above the initial YL. Then, the peak
strength at the same total curing period of 9 days became
noticeably higher than the value by continuous ML without
this re-curing. Kongsukprasert and Tatsuoka (2005) called this
additional gain “positive interaction effect between ageing and
yielding”. This trend became stronger when re-cured at a
higher shear stress, at point C (sh0 ¼20 kPa) in test YL-033. In
test YL-026, the specimen was re-cured at point E (sh0 ¼1.0
MPa), located much higher than the initial YL (Fig. 6). Then,
the additional gain at sh0 ¼20 kPa became much larger. In test
A. Ezaoui et al. / Soils and Foundations 56 (2016) 73–9278H-17 (sh0 ¼1.0) (Fig. 8b), large positive interaction effects
were also observed when ML was restarted after re-curing at
two stress states above the initial YL. On the other hand, in test
H-026 (Fig. 8c), c/g was higher (4.0%); therefore, the YP by
initial curing for 7 days was located higher and the re-curing
stress state (q¼1.0 MPa and sh0 ¼20 kPa) became noticeably
lower than the initial YP. In this case, the positive interaction
effect was negligible. Moreover, in test H-02 (Fig. 8d), where
the re-curing period was longer (7 days as compared withFig. 7. Continuous ML CD TC tests at s0h¼20 kPa after different initial
ageing periods 1–180 days.
Fig. 8. Effects of re-curing at anisotropic stress states on the subsequent ML stress
initial YL where sh0 ¼20 kPa (B and C) and 1.0 MPa (E); (b) ML at sh0 ¼1.0 MP
g¼4.0% and ML at sh0 ¼20 kPa after re-curing at a stress state close to initial YL w
a stress state above YL where sh0 ¼20 kPa.2 days in test YL-015), the re-curing stress state (point B) was
the same as test YL-015 (Fig. 8a), located only slightly above
the initial YP by initial curing for 7 days. Almost no positive
interaction effect developed. This result shows that, when the
re-curing stress state is located only slightly above the initial
YP at the start of re-curing, positive interaction effects between
ageing and yielding do not increase during a subsequent long
period of re-curing. This trend is explained by the proposed
formulation to be shown later (related to Fig. 24a and b).
Finally, as Tatsuoka et al. (2003) and Ezaoui et al. (2010)
have shown, and as is seen from Fig. 8a and b, the gain by the
interaction effect decays with strain during subsequent ML and
the stress–strain relation tends to ﬁnally rejoin the one by
continuous ML at the same total curing time. This fact shows
that the damage process by the de-bonding effect occurs
whenever yielding takes place.
3.2. Development of YB by the bonding mechanism
By performing the following three tests, the effects of ageing
and yielding on the development of YB were examined:
Original stress path (test YL-021, Fig. 10): The stress
history/path is O-a-B-a-d-e-f in Fig. 9a and b: i.e., unstressed
initial curing for 7 days - ML at s0h¼20 kPa from point a
until point B - re-curing for two days at point B -–strain behavior: (a) ML at sh0 ¼20 kPa after re-curing at a stress state above
a after re-curing at a stress state above initial YL where sh0 ¼1.0 MPa; (c) c/
here sh0 ¼20 kPa; and (d) ML at sh0 ¼20 kPa after re-curing for a long period at
Fig. 9. (a) Loading histories along original stress path (with re-curing at point B) and stress paths 1 and 2 and (b) stress paths and YPs on the (p0, q) plane.
Fig. 10. Stress–strain relations by TC at s0h¼20 kPa (broken lines) and
s0h¼1.0 MPa (solid lines). Fig. 11. YB and YF inferred to match the observed YP in test H-11.
Fig. 12. Stress–strain relations at s0h¼20 kPa by stress path 2 (test H-20),
stress path 1 (test H-11) and original stress path (test YL015) (see Fig. 9b for
the stress paths).
A. Ezaoui et al. / Soils and Foundations 56 (2016) 73–92 79unloading to point a and isotropic compression to point d -
ML at s0h¼1.0 MPa from point d toward point f crossing the
YL that has expanded by re-curing at point B.
Stress path 1 (test H-11, Figs. 10 and 11): The stress history/
path is O-a-c-a-d-e-f: i.e., initial curing for 9.8 days- ML at
s0h¼20 kPa from point a until point c (on the YL that has
expanded by re-curing at point B in test YL-021)- unloading
to point a and isotropic compression to point d - ML at
s0h¼1.0 MPa from point d toward point f crossing the YL that
has expanded by ML until point c.
Stress path 2 (test H-20, Figs. 12 and 13): The stress history/
path is O-a-g-a-c: i.e., initial curing for 9.8 days - isotropic
compression to point g (s0h¼1.5 MPa; on the YL that has
expanded by re-curing at point B in test YL-021) - isotropic
unloading to point a-ML at s0h¼20 kPa from point a to cross
the YL that has expanded by isotropic compression to point g.
It is seen from Fig. 8a that, for the same total curing time at
the peak stress state (i.e., 9 days), the strength by ML (at
s0h¼20 kPa) is noticeably higher after re-curing for two days
at point B in test YL-015 than by continuous ML (without re-
curing at point B) in test CB3-01. This difference is due to the
positive interactions between yielding and ageing during re-curing at point B in test YL-015. Therefore, to compare the
development of YL for the same peak strength among the three
tests, the specimens for stress paths 1 and 2 were initially cured
for 9.8 days based on the ageing function obtained by
Tatsuoka et al. (2008b).
A. Ezaoui et al. / Soils and Foundations 56 (2016) 73–9280The three solid curves depicted in Fig. 10 are the stress–
strain curves by three ML tests at s0h¼1.0 MPa. The stress–
strain curves of tests H-11 (stress path 1, O-a-c-a-d-e-f) and
YL-021 (“original” stress path O-a-B-a-d-e-f) are very similar.
In particular, as depicted in Fig. 9b, the YP during ML at
sh0 ¼1.0 MPa in test H-11 is located very close to the YL that
developed by re-curing at point B for 2 days (test YL-021).
That is, the effects of shear yielding until point c (test H-11)
and re-curing at point B (test YL-021) on the development of
YL are equivalent. Based on the above, it is postulated that
(1) the YB expands by shear yielding along a certain stress
path keeping the same shape (and by the same amount in the
present case) as the one purely by ageing; and (2) two YBs that
develop by these different loading histories may predict the
same yielding characteristics when sheared along another
identical stress path. In Fig. 11, the locations of YB (by the
bonding mechanism) and YF (by the frictional mechanism)
that developed by yielding during the ﬁrst loading until point c
at sh0 ¼20 kPa (test H-11) are inferred. This inference is based
on such an interpretation that, by shear yielding until point c,
the YL that has developed by the initial yielding and passes
point B is translated to the YB that passes point c. The start of
large-scale yielding that would take place when crossing YF
during ML at sh0 ¼1.0 MPa is masked, as this yield point on
YF is located above the instantaneous YB.Fig. 13. Inferred locations of YB and YF matching the observed YP in test H-20.
Fig. 14. (a) TC test with multiple incremental loading test (Taheri et al., 2012; Ta
1.0 MPa; and (b) segmental YLs in the vicinity of PSL.In Fig. 12, the YP observed during ML at s0h¼20 kPa in
test H-20 is located signiﬁcantly above the one developed by
initial curing for the same total curing (i.e., 9.8 days) in Test
H-11, while it is located close to YP denoted by c in Test YL-
015. In Fig. 9b, YP denoted by c (at s0h¼20 kPa) is located on
the YB that has expanded by re-curing at point B in test YL-
021. In Fig. 13, the inferred location of YB developed by
volumetric yielding during the ﬁrst isotropic loading until
stress point g in test H-20 is represented by an inclined straight
line. During this process, YF by the friction mechanism does
not expand from the initial one that has developed during
unstressed initial curing. This initial YF should cross the TC
stress path at s0h¼20 kPa slightly higher than the observed
YP, while exhibiting a higher cohesion parameter than the one
of the PSL (Fig. 5a).
3.3. YF in the vicinity of PSL
Fig. 14 shows results from a multiple incremental TC test
(test D-08) and three continuous ML tests at s0h¼0.02, 0.5 and
1.0 MPa. In test D-08, ML at s0h¼0.02 MPa was terminated
when approaching the PSL obtained by the continuous ML
tests. Upon the restart of ML toward the PSL after an increase
in s0h to 500 kPa at a ﬁxed axial strain, a clear YP was
observed (Fig. 14a). This procedure was repeated until s0h
became 1.0 MPa. Four pairs of “a maximum stress point at the
end of incremental ML” and “a YP during the next ML at an
increased s0h”, belonging to four different YLs, were obtained
(Fig. 14b). These YL segments, located close to the PSL, have
an open-type shape, like the Mohr–Coulomb failure criterion
and their slope becomes larger at later stages of shear loading.
That is, as the YF develops, its mobilized internal friction
angle increases and the YF becomes more similar to the PSL,
as illustrated in Fig. 5b.
4. Formulation of YF and YB
To predict such a complicated feature of yielding as
described above, it is necessary to properly describe the
development of YL by ageing effects controlled by the stress
state and re-curing period. Several existing models deal withheri and Tatsuoka, 2012) and three continuous ML tests at s0h¼0.2, 0.5 and
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take into account the degradation of bonding. Nova et al.
(2003) and Buscarnera and Nova (2009) proposed inviscid
yielding models based on an isotropic (and/or kinematic
hardening) volumetric expansion of a yield surface having a
ﬁxed shape of the Cam clay model type. Galavi and Schweiger
(2009) proposed a multi-laminate framework comprising two
independent yielding processes (volumetric and deviatoric). By
extending this model, Ezaoui et al. (2010) proposed an
interactive double-yield (IDY) concept for CMG, which
comprises two coupled (interactive) sub-mechanisms that
evolve by bonding and frictional processes, as detailed below.
In the preceding sections, the test data are described in total
stress; hence, they include the viscous effects. The current
viscous stress is uniquely controlled by instantaneous irrever-
sible strain and its rate in the case of Isotach viscous property
type. This type is relevant to CMG in the pre-peak regime
(Kongsuprasert et al., 2005; Ezaoui et al., 2010). To minimize
variations in the difference between the inviscid YL (i.e., YB
and YF) and the experimentally obtained YL expressed in total
stress (Fig. 5b), ML in all the tests was performed at the same
relatively low axial strain rate (i.e., 0.03%/min). Even so, the
viscous stress increases while approaching the PSL according to
Eq. (3). As schematically illustrated in Fig. 15, a YL described
in inviscid stresses (i.e., sf in Fig. 2) is obtained by slightly
rotating “the respective YLs in total stresses obtained by TC
tests at different constant s0hs” around its intersection with the p0
axis. The shape and expansion mechanism of the experimentally
obtained “total stress YLs”, mentioned previously (i.e., Fig. 5b),
remains valid with the “converted inviscid YLs”. In the
following sections, to formulate the plastic component (Fig. 2)
as theoretically and rigorously as possible, the experimentally
observed “total stress YLs”, that have been converted to
“inviscid YLs”, are analyzed.4.1. Ageing effect and damage-associated yielding with their
interactions
According to the strain damage theory (e.g., Neville, 1963),
with bound materials, yielding deﬁned by the occurrence of
irreversible strain is always associated with de-bonding (i.e.,
damage) and the current stress state is a function of the strain
tensor and an internal tensor called the damage parameter, ω,Fig. 15. Conversion of experimentally obtained “total stress YL” to
“inviscid YL”.hereafter denoted as ω, which is a function of the irreversible
strain tensor. In the present study, it is also assumed that ω is
the non-dimensional damage parameter for YLs (YB and YF),
and a unique stress–strain curve is deﬁned for a given value of
ω, as shown in Fig. 16a. Here, D(ω) is the damage function,
which decreases from 1.0 when ω¼0 (i.e., imaginary yielding
without damage to the inter-particle bonding) to zero when
ω¼1.
Tatsuoka et al. (2008b) expressed the current inviscid
deviator stress when the irreversible strain is εtc and the total
time is tc in CD TC at constant s0h affected by the ageing
effects, but not including the damage effects or the interaction
effects between ageing and yielding as
qf ðϵtc ; tcÞ ¼ C0ðϵtÞUAfgðtÞ ¼ C0ðϵtc ÞþC0ðϵtÞU AfgðtÞ1
	 

¼C0ðϵtc Þþ
Z tc
t ¼ 0
d C0ðϵtÞU AfgðtÞ1
	 
h i
ð7Þ
where C0ðεtc Þ is the basic strain-hardening function (not
including the ageing effects) and AfgðtcÞ is the inviscid ageing
function with Afgð0Þ ¼ 1:0. Eq. (7) is rewritten if the increment
in positive ageing effect d½C0ðεtÞU ðAfgðtÞ1Þ that develops at
time t (in the past) decays with an increment ωtcωt until tc
(the current time) as
qf ðεt; tcÞ ¼C0ðεtc Þþ
Z tc
t ¼ 0
d C0ðεtÞU AfgðtÞ1
	 
h i
UDðωtcωtÞ
ð8Þ
where DðωtcωtÞ is the damage function that decreases with
ωtc ωt from D(0)¼1.0 (no damage when tc¼ t; i.e., when
ωtc ωt¼0) toward D(1)¼0 (full damage when ωtc ωt¼
1). Tatsuoka et al. (2008b) proposed
Dðωtc ωtÞ ¼ rωtc ωt2 ð9Þ
where r2 is a positive parameter that is always equal to 1.0 when
there is no damage or equal to less than 1.0 when there is
damage. Unless r2¼1.0, the current value for qf ðεt; tcÞ is not
unique for a given set of εtc and tc, but it depends on the history
of ε. The stress–strain curves for different constant values of ω
(¼ωtc ωt), presented in Fig. 16a, are obtained by substituting
constant values for D(ω) into Eq. (8), as follows:
qf ðεt; tcÞ ¼C0ðεtc ÞþDðωÞUC0ðεtc ÞU AfgðtÞ1
h i
ð10Þ
The stress–strain curve for continuous ML, in which ω
continuously increases with strain, traverses the curves for
different constant D(ω) values ranging from 1.0 (no damage)
to a certain value between 0 and 1.0 (Fig. 16a).
Eq. (8) can express positive interactions between ageing and
yielding as follows. The two curves in Fig. 16b, A and B,
denote the stress–strain relations for continuous ML tests at a
constant strain rate starting after two different initial curing
periods, tc1 and tc2 (Fig. 16c). If D(ω) is constant during ML,
stress gainIat a considered strain ε is obtained from Eq. (10) as
I ¼Δqftc2 tc1 ¼DðωÞUC0ðϵÞU Afgðtc2ÞAfgðtc1Þ
h i
ð11Þ
where C0ðεÞ ¼ C0ðεtc2 Þ ¼ C0ðεtc1 Þ. In the actual ML case, D(ω)
Fig. 16. (a) Stress–strain curve by continuous ML at a constant strain rate crossing the relations for different constant ω values, all for the same curing time tc,
(b) positive interaction effect quantiﬁed by Δi, and (c) three strain paths; (A), (B) and the one including re-curing at a ﬁxed strain between (a) and (b).
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and stress gain I at a given strain ε is equal to the difference in qf
between points a and b (at ε) in Fig. 16b. In this case, the gain is
obtained from Eq. (8) as
I ¼Δqftc2 tc1 ¼ αUC0ðϵÞU Afgðtc2ÞAfgðtc1Þ
h i
ð12Þ
where α is the parameter that decreases from 1.0 to 0 with an
increase in the irreversible strain and its value depends on the
damage that has taken place until strain ε. On the other hand, in
Fig. 16b, the stress gain under undamaged conditions is
expressed by the difference in qf between points a0 and b0,
IþΔi, obtained by two ML tests always under undamaged
conditions and performed on specimens initially cured for
different periods, tc1 and tc2. This is obtained by substituting
DðΔω¼ 0Þ¼1.0 into Eq. (11) as
IþΔi¼Δqftc2 tc1;Dw ¼ 1 ¼ C0ðϵÞU Afgðtc2ÞAfgðtc1Þ
h i
ð13Þ
For the simplicity of the discussion, the time elapse during
these MLs is assumed to be negligible compared to time
difference tc2–tc1. Suppose that, in the third test, SL is
performed between points a and b for a period from tc1 to
tc2 (Fig. 16c). If any creep strain does not take place during this
SL stage, the increase in strength is equal to IþΔi (Eq. (13)).Then, the positive interaction effect that has taken place during
this SL stage, denoted as Δi, is obtained from Eqs. (12) and
(13) as
Δi¼Δqftc2 tc1;Dw ¼ 1 I ¼ C0ðϵÞ 1α½ U Afgðtc2ÞAfgðtc1Þ
h i
ð14Þ
Eq. (14) implies that the Δi value increases with an increase
in (i) the period for which the irreversible strain is kept constant
(i.e., the time difference tc2–tc1), (ii) the value of C0(ε) during
SL and (iii) the term “1α”, which increases with an increase in
the irreversible strain/damage that has taken place until the
current time. These trends are typically seen from Fig. 8. The
speciﬁc formulation of Eq. (14), based on the experimental data,
is presented later. The issue that different types of bound
materials would exhibit different positive interaction effects
(Tatsuoka et al., 2008b) is beyond the scope of this paper.
4.2. Development of YB
The YL that develops purely by initial curing (i.e., the initial
YB before the start of any yielding) can be described by the
criterion that s
0
v ¼ cst (Figs. 5a and 6a). In the following, it is
assumed that this initial YL develops (i) with time keeping the
same shape during unstressed initial curing and re-curing and
((
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damage. Hence, the YB can be described by its interception
with the p0f axis, sfv_ maxðYBÞ, as the single hardening parameter,
which is a function of current stress state s, damage parameter
ω and curing time tc. Then, the following simple hardening and
ageing rules can be deﬁned:
1) If sfv_ maxðYBÞ4s
f
v_current , the expansion of YB is controlled
only by curing time tc as
Δsfv_ maxðYBÞ ¼ sfv_0ðYBÞ U
∂AfgðtcÞ
∂tc
dtc ð15Þ
where sfv_0ðYBÞ is the initial value of s
f
v_ maxðYBÞ when tc¼0.
2) If sfv_ maxðYBÞ ¼ sfv_current, the expansion is controlled by
either ageing or yielding as
Δsfv_ maxðYBÞ ¼ max sfv_0ðYBÞ U
∂AfgðtcÞ
∂tc
dtc;
∂sfv_current
∂t
dt
( )
ð16Þ
where ð∂sfv_current=∂tÞUdt denotes the development of YB by
yielding for time increment dtc.
The use of the two notations, tc and t, is to distinguish
between the ageing and the yielding processes. In the follow-
ing, only notation tc is used when such a distinction as above is
not necessary.
When based on these yield criteria, the YB expands in the
following three different ways:Fig. 17. Expansion of YB mechanism (a) by initial curing, (b) by yielding(a) Development by initial curing (Fig. 17a): When the current
inviscid stress state (at time tc) is located inside the initial
YL that has expanded during unstressed initial curing,
we obtain
Δsfv_ maxðYBÞ ¼Δsfv_0ðYBÞ UAfgðtcÞ ð17Þ
The YPs representing multiple YBs for different initial
curing times observed in ML tests at s0h¼20 kPa are denoted
by open circles in Fig. 7.
(b) Development by yielding (Fig. 17b): The sfv_ maxðYBÞ
value when the YB develops during shear straining is obtained
by integrating Eq. (16). The integrated value can be expressed
as
sfv_ maxðYBÞ ¼ sfv_currentþδðωÞ ð18Þ
where sfv_current is the current inviscid vertical stress. As shown
in Figs. 17b and 18, δ(ω) represents the distance between the
current YB and the current stress point P that is located on the
current resultant yield locus (YL). Therefore, δ(ω) is controlled
by (1) the rule to integrate YB and YF to the resultant YL (as
shown in Fig. 18) and (2) the current damage parameter, ω,
because YB expands in association with an expansion of YF
by shear yielding (controlled by ω). The speciﬁc function for δ
(ω) is formulated later based on the experimental results. As
illustrated in Fig. 17b, once the current stress state has passes
the YB that has developed by initial curing (i.e., YB(t1)); that
is, once sfv_current exceeds the current yield stress s
f
v_ maxðYBÞ,
the YB starts expanding by yielding. The YB expanded by
shear yielding in test H-11 (Fig. 11) and by volumetric
yielding in test H-20 (Fig. 13) both in the same way as theaffected by damage, and (c) during re-curing at a given stress state.
Fig. 18. Resultant YL interpolating YB and YF characterized by the location
of the three points M1, M2 and M3.
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anisotropic stress state B in test YL015 (Fig. 9b).
In Fig. 17b, the values for δ(ω) in two cases are presented.
When the current stress state is at point P2 along stress path 2,
rather than when it is at point P1 along stress path 1, the
deviatoric stress is larger; hence, the damage is larger. This
difference generally makes δ(ω2) larger than δ(ω1) for the
following reasons. Firstly, as seen from Fig. 18, δ(ω) increases
as the sizes of all of YL, YB and YF increase proportionally.
Secondly, in actuality, with an increase in ω by yielding, the
YF rotates in the counterclockwise direction (Fig. 5) and the
inﬂuence of the current YB on the current resultant YL
decreases, while the inﬂuence of the current YF increases.
These points are discussed in detail later.
(c) Development during re-curing (Fig. 17c): During SL,
YB develops solely by ageing for a period from time t (when
yielding stops) to tc (current time) increasing the yield stress
from sfv_ maxðYBÞðtÞ to sfv_ maxðYBÞðtcÞ as
sfv_ maxðYBÞðtcÞ ¼ sfv_ maxðYBÞðtÞþ ~s0ðt;s Þ AfgðtcÞAfgðtÞ
h i
ð19Þ
The ageing effect term ~s0ðt; sÞ AfgðtcÞAfgðtÞ
	 

depends on
the current stress/strain state and the re-curing period, as seen
in Fig. 8, illustrated in Fig. 16b and as formulated as Eq. (14),
in the case of loading with a single stress variable. In Fig. 17c,
YB(1) (when t¼ t) is the YB that has already expanded by
yielding and affected by damage. During SL at point P1, YB
expands with time from YB(1) to YB(2) (when t¼ tc) keeping
the same shape. The value of ~s0ðt; sÞ is obtained from the
inviscid stresses at time t, as explained in the next section. On
the other hand, if the current inviscid stress state is always
located below the initial YL (which expands with time),
~s0ðt;s Þ is kept the same as the initial value of sfv_0ðYBÞ in
Eq. (17), and Eq. (19) becomes Eq. (17).4.3. Development of YF
As the resultant YL approaches the PSL associated with
yielding, the shape of YL gradually becomes closer to that of
the PSL (Fig. 4b). In this process, the contribution of YB to the
resultant YL becomes gradually smaller, reﬂecting more de-bonding at inter-particle contacts, while the contribution of YF
becomes more important, reﬂecting more mobilization of
friction at inter-particle contacts. Hence, YF is described by
the following Mohr–Coulomb criterion (Fig. 5b):
qYF ¼ c0ðtc;ωÞþM0ðs ;ωÞUp0 ð20Þ
Then, the development of YF by yielding and ageing is
described by changes (or no changes) in the two hardening
parameters: c0 (the cohesion intercept) and M0 (the slope
representing the mobilized friction angle). It is assumed that
c0 increases with total ageing time tc and decreases by damage
(i.e., with irreversible shear strain); M0 increases by shear
yielding, controlled by damage, and does not increase solely
by ageing. Then, YF in terms of inviscid stresses (i.e., “inviscid
YF”) expands in the following three different ways:
(a) Development by initial curing (Fig. 19a): When the current
inviscid stress state (at time tc) is always located below the
instantaneous YB that has expanded by unstressed initial
curing (Fig. 5a), c0f ðtc;ωÞ increases in the similar way as
Eq. (17), namely,
c
0f ðtc;ωÞ ¼ ~c0 UAfgðtcÞ ¼ ~c0þ AfgðtcÞ1
h i
U ~c0 ¼
3
2
Usfv_0ðYBÞ UA
f
gðtcÞ ð21Þ
where ~c0 is the initial value of c
0f ðtc;ωÞ when tc¼0; it is
reported that q¼sv–sh¼ (3/2) sv when p0 ¼ (svþ2sh)/3¼0.
The initial position of YF is higher than the initial YB in the
range of p040 (Fig. 5a). Moreover, during this initial
expansion of YF, Μ0 is kept at zero. In Figs. 11 and 13, the
test results are interpreted based on these formulations.
(b) Development by yielding and ageing affected by damage
(Fig. 19b): When the current inviscid stress state is located
above the instantaneous YB that has expanded by initial
curing, the frictional mechanism is activated. Then, with
yielding and the associated damage, M0 increases and c0
decreases, as seen from Fig. 14b. In Fig. 19b, this process is
represented by the differences between the values for M0 and c0
of YF1 and YF2 (i.e., YFs when the stress state is located at
points P1 and P2). If there is no development in the ageing
effect during the yielding process between the two points, the
c0 value for YF2 becomes smaller than the one for YF1 by de-
bonding due to shearing. Due to this mechanism activated until
the peak stress state, the c0 value of PSL is lower than the c0
value of the initial YF at the same time tc, as shown by Ezaoui
et al. (2010) and illustrated in Fig. 5a and b. In the following,
M0 and c0 are formulated as a function of the current stress state
(as represented by points P1 and P2 in this case) and also the
current damage parameter, ω.
The failure criterion (PSL) at a given total curing time tc is
expressed as
qf ¼ cPSLþM 0PSL pf ð22Þ
When YF expands by shear yielding and approaches the
PSL, c
0f ðtc;ωÞ decreases with ω approaching its residual value
cPSL at time tc. Eq. (21) is modiﬁed below so that c
0f ðtc;ωÞ
includes cPSL and the ageing effect that has developed and
Fig. 19. Expansion of YF by (a) by initial curing, (b) by yielding affected by damage, and (c) during re-curing at a given stress state.
Fig. 20. Evolution of the cohesion c0 with time tc.
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value at the residual state for a period from t¼0 to tc (the
residual state), (cPSL)a is obtained as
ðcPSLÞa ¼ ~c0þ AfgðtcÞ1
	 

U ~c0 Uϕres
¼ ~c0 U 1ϕresþϕres UAfgðtcÞ
	 

ð23Þ
where ϕres is the ratio (o1.0) of “the residual value of the
strength gain, which has always been damaged, ðcPSLÞa ~c0” to
“the original strength gain by ageing without damage,
~c0 UAfgðtÞ ~c0”. Parameter ϕres decreases from 1.0 (when there
is never damage) with an increase in “the damage to ageing
effect” that has taken place until YF reaches the PSL. ðcPSLÞa
(Eq. (23)) is the asymptotic lower limit of c0f ðtc;ωÞ (Eq. (21))
attained at the residual state (at time tc) in the actual case,
where the ageing effect continuously takes place while
continuously causing damage. Eq. (23) is modiﬁed below to
represent such an actual case. As illustrated in Fig. 20, the
difference between “the c0f ðtc;ωÞ value at the residual state
when the ageing effect is never damaged, ~c0 UAfgðtcÞ”, and “the
value when the ageing effect is always damaged with the same
damage parameter at the residual state” is equal to
~c0 Uð1ϕresÞUðAfgðtcÞ1Þ. Hence, by following the method
used to derive Eq. (8), it is assumed that the increment of this
difference that developed at time t and decayed until time t* isobtained as
d ~c0 U ð1ϕresÞUðAfgðtÞ1Þ
h i
UD ωtcωt
 ¼ ~c0 U 1ϕres U
ð∂AfgðtÞ=∂tÞUD ωtc ωt
  ð24Þ
where D ωtcωt
 
is the damage function (Eq. (9)). Then, the
actual value of c
0f ðtc;ωÞ at a given time t1 is represented by a
broken curve in Fig. 20 and its value at the residual state (at
time tc) is obtained by adding the integration of this increment
(Eq. (24)) until time tc to ðcPSLÞa (Eq. (23)), as
c
0f ðtc;ωÞ ¼ ~c0 U 1ϕresþϕres UAfgðtcÞ
	 

þ ~c0 U
Z tc
t ¼ 0
1ϕres
 
U
Fig. 21. Ageing function Ag(tc) determined based on experimental data of
initial YP and damage function D(ωpeak) determined based on Ag(tc).
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∂t
UD ωtc ωt
 
Udt ð25Þ
When ϕres¼1.0 and D ωtc ωt
 ¼1.0 (i.e., never any
damage), Eq. (25) returns to Eq. (21). This additional term
(i.e., the second term on the right side of Eq. (25)) is usually
entirely erased until reaching the residual state (after a very
large strain has taken place).
(c) Development during re-curing: In Fig. 19c, since the end
of yielding during SL (at t1) until the end of SL (at t2),
parameter Mf is kept constant because of no yielding, while
cf ðt2;ω1Þ increases with time by ageing. Then, YF at time t2,
that has expanded from the one at time t1, is expressed as
qf ¼ cf ðt2;ω1ÞþMf s f ðP1Þ;ω1
	 

Up0 ð26Þ
where s f ðP1Þ denotes the re-curing stress state at time t1 (P1);
ω1 is ω at time t1. To add a term representing the positive
effects of the interaction between ageing and yielding to
cf ðt2;ω1Þ by modifying Eq. (25), the method proposed by
Tatsuoka et al. (2008b) is used as shown below. That is, the
experimental results (Tatsuoka et al., 2008b; Ezaoui et al.,
2010) show that, even after the creep strain stops during SL,
the interaction effect develops with time. It is then assumed
that an increment of this additional term that developed at time
t (in the past) is proportional to (a) the increment of the ageing
function ð∂AfgðtÞ=∂tÞUdt that has decayed by a factor of
Dðωtc ωtÞ where ωtcωt is a subsequent increase in the
damage parameter until the current time tc and (b) an empirical
function ~cðt; f Þ that is controlled by both time t and current
stress level s f , similar to function ~s0ðt; Þ in Eq. (19). Then, by
adding the integration of this incremental term with time from
t¼0 to tc to the right-hand side of Eq. (25), we obtain
c
0f ðtc;ωÞ ¼ ~c0 U 1ϕresþϕres UAfgðtcÞ
	 

þ ~c0 U
Z tc
t ¼ 0
1ϕres
 
U
∂AfgðtÞ
∂t
 !
UD ωtc ωt
 
Udt
þ
Z tc
t ¼ 0
~cðt;s f ÞU ∂A
f
gðtÞ
∂t
 !
UD ωtcωt
 
Udt ð27Þ
As shown later, function ~cðt; s f Þ is the material properties
to be determined experimentally in the same way as function
~s0ðt;s f Þ (Eq. (19)). This additional positive term is also
entirely erased until reaching the residual state (after a very
large strain has taken place).
4.4. Construction of resultant YL
Fig. 18 shows how a resultant inviscid YL is constructed for
a given set of YB and YF at the end of a given loading path,
point P. The conﬁgurations of YB and YF are characterized by
three points: M1 (the intersection between YF and the q axis),
M2 (the intersection between YB and YF) and M3 (the
intersection between YB and the p0 axis). It is assumed that
(1) the resultant YL is tangential to YF at point M1 and YB atpoint M3 and (2) the slope of YL smoothly changes from the
one of YF (at point M1) toward the one of YB (at point M3)
controlled by the coordinate at point M2. These interactive
rules can be expressed by Bezier’s function deﬁned as
PðkÞ ¼ 1kð ÞηM1þ 1kη 1kð Þη½ M2þkηM3 ð28Þ
where P(k) is the coordinate at the barycenter of the three
known points (M1, M2 and M3) for a given weighting
parameter k (between 0 and 1.0) (i.e., P(k¼0)¼M1 and P
(k¼1.0)¼M3), and η is the parameter that controls the
curvature of the relation. The curve that consists of points P
(k) for k¼0–1.0 is upward convex and tangential to line M1M2
at point M1 and line M2M3 at point M3.
5. Model formulation and calibration
In this section, the several functions introduced above are
determined based on experimental data.
5.1. Functions for ageing and damage
As shown in Fig. 21, ageing function Ag(tc) deﬁned in total
stresses, which is assumed to be the same as Afg tcð Þ (Eqs. (7) and
(17)), was determined by Eq. (29) from the evolution of initial
YP and the peak strength with the curing time observed in the
CD TC tests (Fig. 7). Eq. (29) was derived considering that,
with these data, (1) the conﬁning pressure (s'h¼20 kPa) is
much smaller than the peak deviator stress, (2) the damage is
essentially zero to the initial YP (i.e., Ag tc ¼ 0ð Þ¼1.0) and
(3) the strain at the initial YP, εYP, is nearly the same for
different curing periods; therefore, the damage parameter is also
nearly constant.
Ag tcð Þ ¼
sv maxðYBÞ
sv_0ðYBÞ
¼ svðεYPÞðtcÞ
svðtc ¼ 0Þ
 svðεYPÞðtcÞsh
svðtc ¼ 0Þsh
¼ qtc_ωðεYPÞ
qtc_ω tc ¼ 0ð Þ
ð29Þ
where qtc_ωðεYPÞ=qtc_ω tc ¼ 0ð Þ is “the ratio of the yield deviator
stress at a given curing time tc to its initial value when tc¼0”,
svðtc ¼ 0Þ is the yield total vertical stress when tc¼0 and
Table 2
Model parameters used in the simulations of experimental data.
YF DðωtωτÞ ¼ rωt ωτ2 a δðDTotÞ ¼ δ0 1DTot 1
	 
r0 b AgðtÞ ¼ 1þ a U tctc þb (for tc in day)
~c0(kPa) M0PSL
c ϕres
c r2 δ0 (kPa) ro a
d bd λe
195 1.37 0.72 0.0246 517 0.643 12.47 17.73 0.31
aFig. 25.
bFig. 26.
cFig. 4b; for total tc¼9 days.
dFig. 21.
eFig. 24b.
Fig. 22. Irreversible shear strain at peak stress state for specimens initially
cured for 7–180 days (Fig. 7).
Fig. 23. Increment of interactive stress gain during a time increment dt as a
function of the current stress state during re-curing for two different times t1
and t2 (4 t1).
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f
v_0ðYBÞ in Eq. (17)
(i.e., the initial value of sfv maxðYBÞ when tc¼0). In Fig. 21, a
hyperbolic equation is ﬁtted to the data of the Ag tcð Þ1 and tc
relation for initial YP. By using this equation, the value of
sv maxðYBÞ when tc¼0, sv_0ðYBÞ¼220 kPa, was extrapolated.
Then, from the known parameters of the viscosity function (Eq.
(4)), the values for sfv_0ðYBÞ (Eq. (17)) and ~c0 (Eq. (21) and Table
2) were obtained.
The irreversible shear strains at peak, γq max, for the speci-
mens initially cured for a period of tc¼7–180 days are plotted
against tc in Fig. 22. The γq max value is essentially independent
of tc, which indicates that the damage at the peak stress state,
DðωpeakÞ, is independent of tc for the same stress path at this
low conﬁning pressure. Then, Eq. (10) can be applied to these
data for different tc values. As its initial value at tc¼0 of the
peak deviator stress qtcωðεmaxÞ, qtcωðtc ¼ 0Þ, is equal to
C0ðεmaxÞ (Eq. (7)) , we obtain Eq. (30) from Eq. (10), as
follows:
qtc_ω εmaxð Þ
qtc_ω tc ¼ 0ð Þ
1¼ DðωpeakÞ:C0ðεmaxÞ Ag tcð Þ1
 
C0ðεmaxÞ
¼DðωpeakÞ Ag tcð Þ1
  ð30Þ
In Fig. 21, the experimental data for the left-side term of
Eq. (30) are plotted against tc. By ﬁtting Eq. (30) with the
function of Ag tcð Þ explained above to these data, DðωpeakÞ¼0.23
was obtained.5.2. Interactions between yielding and ageing
The function ~s0ðt; Þ (Eq. (19)) controls the rate of the
expansion of YB by positive interactions between shear
yielding and ageing. As this takes place most typically during
re-curing at a ﬁxed stress state, this function is determined
based on the measured vertical stress gains, Δsv, that devel-
oped by re-curing at different stress states presented in Fig. 8.
Referring to Fig. 23, when the current re-curing stress state is
below the initial YL (developed by initial curing), the
increment of strength gain by ageing for time increment dt is
obtained from the incremental form of Eq. (17), namely,
dsfvðtÞ ¼ sfv_0ðYBÞ U
∂AfgðtÞ
∂t
 !
Udt ð31Þ
When the current stress state is above the initial YL, the rate
of gain in strength is obtained by adding a term representing
the positive interaction effect to Eq. (31). Similar to the
method used to derive Eqs. (25) and (27), it is assumed that
this term is proportional to (a) the difference between the
current inviscid vertical stress and the current inviscid vertical
stress of the initial YL (i.e., YB), sfv_currentðtÞsfv_0ðYBÞ:Afg tð Þ,
and (b) an incremental ageing effect, dAfgðtÞ¼ð∂AfgðtÞ=∂tÞUdt.
This term, including the positive interaction effect, is then
obtained as
Fig. 24. (a) Deﬁnition of the vertical stress gain during re-curing, Δsv and
(b) experimentally obtained relationships between Δsv and re-curing stress-state.
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∂AfgðtÞ
∂t
 !
Udtþ sfv_currentsfv_0ðYBÞ:Afg tð Þ
	 

U λ
∂AfgðtÞ
∂t
 !
Udt ð32Þ
where λ is the proportional coefﬁcient determined based on the
experimental results. The additional term is equivalent to term
Δi in Eq. (13). As illustrated in Fig. 23, the gain in incremental
interactive strength, dsfvðtÞ (Eq. (32)), decreases with time
(from time t¼ t1 to t2) because of a decrease in the ﬁrst term on
the right side and a decrease in the second term due to an
increase in the current initial yield stress, sfv_0ðYBÞ:A
f
g tð Þ. This
trend is consistent with the observation shown in Fig. 8d,
where the stress gain by ageing and interaction between ageing
and yielding was insigniﬁcant after re-curing for a relatively
long period (7 days), while the re-curing stress state was only
slightly above the initial YL at the start of re-curing; therefore,
both terms remained small. Then, the increment of the yield
vertical stress for a period from t¼ t1 (when the stress state is
already above the initial YL) to t2 (the current time) during re-
curing is obtained by integrating Eq. (32). Depending on the
location of the stress state relative to the initial YL at t¼ t2
(Fig. 23), the following two cases are possible:
Case 1: At t¼ t2, the current stress state is still above the
initial YL, i.e., sfv_current t2ð ÞZsfv_0ðYBÞ UAfg t2ð Þ. In this case, the
following equation is obtained:
Δsfvðt2 t1Þ ¼
Zτ ¼ t2
t ¼ t1
sfv_0ðYBÞ U
∂AfgðtÞ
∂t
 !
Udt
þ
Zt ¼ t2
t ¼ t1
sfv_currentsfv_0ðYBÞ:Afg tð Þ
	 

U λ
∂AfgðtÞ
∂t
 !
Udt ð33aÞ
¼ sfv_0ðYBÞ U Afg t2ð ÞAfg t1ð Þ
h i
þλU sfv_currentsfv_0ðYBÞ
Afg t2ð ÞþAfg t1ð Þ
2
 !" #
U Afg t2ð ÞAfg t1ð Þ
h i
ð33bÞ
¼ λ sfv_currentsfv_0ðYBÞ
Afg t2ð ÞþAfg t1ð Þ
2
 1
λ
 !" #
U Afg t2ð ÞAfg t1ð Þ
h i
ð33cÞ
Eq. (33c) means the second term on the right-hand side of
Eq. (19). Then, function ~s0ðt; Þ in Eq. (19) in this case is
obtained as
~s0ðt; Þ ¼ λ sfv_currentsfv_0ðYBÞ
Afg t2ð ÞþAfg t1ð Þ
2
 1
λ
 !" #
ð34Þ
Case 2: At t¼ t2, the current stress state has become below
the initial YL, i.e., sfv_0ðYBÞ UA
f
g t1ð Þrsfv_currentðt2Þ rsfv_0ðYBÞ UAfg t2ð Þ. In this case, the following equation is obtained:
Δsfvðt2 t1Þ ¼
Zτ ¼ t2
t ¼ t1
sfv_0ðYBÞ U
∂AfgðtÞ
∂t
 !
Udt
þ
Zt ¼ t
t ¼ t1
sfv_currentsfv_0ðYBÞ:Afg tð Þ
	 

U λ
∂AfgðtÞ
∂t
 !
Udt ð35aÞ
where t* is the time when the initial YL (i.e.,
sfv_current ¼ sfv_0ðYBÞ UAfg tð Þ) has caught up with the current stress
state under the condition that t1r t  r t2. Then, Eq. (35a)
becomes
Δsfvðt2 t1Þ ¼ sfv_0ðYBÞ U Afg t2ð ÞAfg t1ð Þ
h i
þ λ
2sfv_0ðYBÞ
U sfv_0ðYBÞA
f
g t
ð Þ
	 
2
 sfv_0ðYBÞAfg t1ð Þ
	 
2 
ð35bÞ
The relationship between the second term on the right side
of Eq. (35b) and the stress level during re-curing becomes
parabolic, as explained later.
The gain in vertical stress due to ageing and the interactive
effect during re-curing at a ﬁxed stress state, Δsv, which
corresponds to Δsfv deﬁned by Eqs. (33), is equal to “the vertical
stress at YP observed at tc¼ t2 upon the restart of ML when the
gain in strength due to ageing and the interactive effect has
taken place during re-curing” minus “the value when no ageing
effect has taken place”. As illustrated in Fig. 24a, this value was
Fig. 25. Damage function determined from data at peak stress state (Fig. 22)
obtained by ML tests (s0h¼20 kPa) for different initial curing periods (Fig. 7).
Fig. 26. Function δ(Dtot) determined by the data of re-curing at point B and C.
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value obtained by substituting the irreversible strain at the end
of the SL stage (when t¼ t2) into the broken curve (i.e., the
stress–strain curve by extrapolating the curve after large-scale
yield observed upon the restart of ML from the end of the SL
stage)” and (2) “the value obtained by substituting the same
strain into the stress–strain curve by continuous ML after initial
curing for a period of t1”. In Fig. 24b, the values for Δsv
obtained as above from the data shown in Fig. 8a, b and d are
plotted against vertical stress sv_current at the respective re-curing
stages, (as in Fig. 23). A set of solid circles denotes the data
when initially cured for 7 days and then re-cured for two days at
different stress states; they exhibit a highly linear relation. On
the other hand, the vertical and horizontal coordinates at
points nos. 1 and 2 are terms sv_0ðYBÞ Ag t2ð ÞAg t1ð Þ
 
and
sv_0ðYBÞ UfAg t2ð ÞþAg t1ð Þg=2 in Eq. (33b) (in terms of total
stress), respectively, obtained from the measured values sv_0ðYBÞ
(Fig. 7) and the formulated ageing function (Fig. 21). Therefore,
point nos. 1 and 2 mean the origin of the inclined linear
Δsv–sv_current relation. Actually, the experimentally obtained
inclined linear relation ﬁts point no. 1 very well. As these data
are those in case 1 (i.e., the current stress state is still above the
initial YL at time t2), according to Eq. (33b), the slope of this
inclined linear relation means the value of λU Afg t2ð ÞAfg t1ð Þ
h i
,
which is obtained to be 0.32 (as seen from Fig. 24b). Then,
λ¼0.31 is obtained. The fact that the data presented in Fig. 24b
include those for re-curing at a wide range of conﬁning pressure
(from 20 kPa to 1.0 MPa) validates Eqs. (33) for a wide range of
stress states.
With the data presented in Fig. 24b, this parameter λ is
approximately equal to the ratio of the gain in deviator stress
by re-curing from time t1 to time t2 to the stress during re-
curing, h. This ratio is obtained as follows using Eq. (13) (in
the framework presented in Fig. 16):
λ Δqtc2 tc1;Dω ¼ 1
qftc1
¼
1þgv
 
:C0ðϵÞ: Afgðtc2ÞAfgðtc1Þ
h i
C0ðϵÞ:Afgðtc1Þ
¼ 1þgv
 Afgðtc2ÞAfgðtc1Þ
Afgðtc1Þ
ð36Þ
By using the values for AgðtcÞ, obtained from continuous
ML tests after initial curing for 7 days and 9 days (Fig. 7), a
known value for gv, λ¼0.25, is obtained from Eq. (36). This
value is not very different from the one obtained from the plot
shown in Fig. 24b that equals 0.31.
The solid triangle in Fig. 24b denotes the gain in strength,
Δsv, by re-curing for an increased period, 7 days (for tc¼7–14
days), at a stress state initially slightly higher than the initial
YL by initial curing for 7 days. As point no. 1, point no.
2 means the origin of the inclined linear relation of the strength
gain by re-curing for 7 days after initial curing for 7 days. The
coordinates at point no. 2 were obtained from the same
experimental data as those at point no. 1. The theoretical
slope of the linear relation denoting the gain in strength by re-
curing is λU Afg t2ð ÞAfg t1ð Þ
h i
. The slope obtained by usingλ¼0.31 (obtained for the data set for a re-curing period of
2 days) is 0.95. This theoretical linear relation is consistent
with the experimental data (i.e., the solid triangle). A non-
linear curve represents the relation obtained by Eq. (35b) for
case 2 (the current stress state has become below the initial YL
at t2), which is more relevant to this data point.
Empirical function ~cðt; f Þ (Eq. (27)) can be obtained by
using Eq. (33a). That is, an increase in the inviscid cohesion
solely by ageing (i.e., its increment during re-curing for a
period from tc¼ t1 to t2) is equal to an increment of the
bonding mechanism obtained by Eq. (37), which is essentially
the same as Eq. (33a).
Δc0f ðt2 t1Þ ¼
Zτ ¼ t2
t ¼ t1
~c0:
∂AfgðtÞ
∂t
 !
Udt
þ
Zt ¼ t2
t ¼ t1
ﬃﬃﬃﬃﬃ
13
p
2
sfv_currentsfv_0ðYBÞ:Afg tð Þ
	 

U λ
∂AfgðtÞ
∂t
 !
Udt ð37Þ
Fig. 27. Simulation of the development of “inviscid YL” during SL for two
days at total stress point B (s0h¼20 kPa) and “total stress YL” upon the
restart of ML.
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ﬃﬃﬃﬃﬃ
13
p
=2 comes from the relationship between
increment dsv of the YB mechanism (sv¼cst.) and its resultant
in terms of dq along the vertical axis (p0 ¼0). Eq. (37) was
used for the simulations presented in Figs. 25 and 26.
5.3. Functions for damage and interaction effect for YB
Fig. 25 shows the calibration of damage function D(ω)
(Eq. (9)) for damage parameter ω deﬁned by Eq. (38)
(Rouainia and Wood, 2000), namely,
dω¼ dωðeirII ; εirvolÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AUðdeirIIÞ2þð1AÞU ðdεirvolÞ2
q
ð38Þ
where deirII ¼
ﬃﬃﬃﬃﬃﬃﬃ
2=3
p
dγir ¼
ﬃﬃﬃﬃﬃﬃﬃ
2=3
p
jdεir1 dεir3 j. A¼1.0 is herein
assumed in the present study, where damage is induced mostly
by deviatoric loading. With CMG under high pressure and
concrete under extreme high pressure (Hong Vu et al., 2008),
volumetric strain may become important and parameter A may
be lower than 1.0. As shown in Fig. 25, by substituting the
values whereby ωpeak¼0.4 (obtained from Fig. 22) and D
(ωpeak)¼0.23 (Fig. 21) into Eq. (9), r2¼0.0246 is obtained.
As seen from Fig. 4b, the expansion of YB by re-curing for two
days is noticeably larger when re-cured at point C than at point
B. That is, as the re-curing stress state approaches the PSL, the
increases in damage associated with shear yielding, therefore
D ωtcωt
 
for a given time difference, tc–t decreases (Fig. 25)
and the distance between the YP and the YB mechanism δ(ω)
(Eq. (18)) (i.e., δðωÞ illustrated in the ﬁgure inset in Fig. 26)
increases associated with an increase in the inﬂuence of the YF
mechanism on the resultant YL around the considered YP. Based
on the above, the following function was assumed for δ(ω):
δðωÞ ¼ δðDTotÞ ¼ δ0
1
DTot
1
 r0
ð39aÞ
where DTot is the total damage state parameter, which is a
function of ω, and deﬁned as
DTot ¼ 1
AfgðtcÞ1
Ztc
t ¼ 0
∂AfgðtÞ
∂t
 !
D ωtc ωτ
 
dt ð39bÞ
The two data points shown in Fig. 26 were obtained by re-
curing at stress states B and C. Their coordinates are (1) the
interactive function δðDTotÞ obtained by substituting measured
values of sfv_ maxðYBÞ and s
f
v_current into Eq. (18) and (2) the
quantity 1=DTot1 obtained by Eq. (39b). The experimentally
determined parameters δ0 and r0 obtained by ﬁtting Eq. (39a)
to these two data point are shown in Fig. 26. During initial
curing and isotropic compression, no shear yielding takes
place; therefore, according to Eq. (38) with A¼1.0, we obtain
ωtc ωt¼0. Then, D ωtc ωτ
 ¼1.0; therefore, δ(ω)¼0 (i.e.,
the origin in Fig. 26).
6. Simulation of the development of yield locus
As shown in Fig. 4b, the locations of YLs together with
their expansion and changes in shape by (i) shearing along
different loading histories and (ii) re-curing at different stressstates observed in the CD TC tests, were simulated by the
above-explained model. The model parameters determined
based on the experimental data, listed in Table 2, were
commonly used in the simulations.
The M0PSL value listed in Table 2 is for total tc¼9 days
without including the effects of positive interaction between
ageing and yielding (as presented in Fig. 4b). The initial
parameters, ~c0 (Eq. (21)) and s
f
v_0ðYBÞ (Eq. (17)), were
experimentally determined from the data presented in Fig. 7.
The experimental data showed that viscosity functions gv (Eq.
(4)) and parameter c* (Eq. (5)) at different stress states are
nearly the same. Then, α¼1.0, m¼0.02, _γirr ¼ 106%=s and
c*¼747 kPa, that were obtained for the same material (i.e.,
cement-mixed Chiba gravel) by Kongsukprasert and Tatsuoka
(2007), were used. In so doing, it was assumed that sv3¼0
during drained TC at a ﬁxed s
0
3. The locations of all the
simulated respective YBs and YFs shown below were obtained
for the given inviscid stress path and damage parameter (ω,
Eq. (38)). Then, “the inviscid resultant YL” was obtained by
interpolating the inviscid YB and YF by Eq. (28) with η¼2.0
(constant), except at the initial stages of TC loading. At these
initial stages, the stress state is close to the p0 axis and a YF
with a negative M0PSL value is necessary for integration with a
given YB if η¼2.0. To avoid the above, it was assumed that η
increases from the initial value¼1.0–2.0 until the initial YF
(with M0PSL¼0) can be integrated with a given YB by using
η¼2.0. During subsequent TC loading, the M0PSL value of the
YF obtained by using η¼2.0 increases from 0.0.
Fig. 27 shows inviscid YLs at three different states (a, b and
c) during re-curing for two days at total stress state B (at
s0h¼20 kPa). The inviscid YL moves from point a (at the start
of SL) to point b (at the end of creep strain development) in
association with an increase in the inviscid stress and damage.
The ageing process continues to develop until the end of SL
(point c), while the inviscid stress and irreversible strain do not
increase. The “total stress YP” d observed upon the restart of
ML is located above “inviscid YP” c due to the viscous effect.
The simulated “total stress YL” passing point d is consistent
((
(
(
(
Fig. 28. Simulation of the development of “inviscid YL” during SL for two
days at total stress point E (s0h¼1.0 MPa) and “total stress YL” upon the
restart of ML.
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illustrated in Fig. 1. Fig. 28 shows similar simulations for SL
for two days at total stress point E. Moreover, in this case, the
simulated total stress YL is consistent with the experiments.
The general trend of the YL development is similar in these
two cases (Figs. 27 and 28). As the conﬁning pressure at point
E is much higher (1.0 MPa) than at point B (20 kPa) with the
same deviator stress (1.0 MPa), the YL developing by SL at
point E is much larger and more open than the one developing
by SL at point B. This trend is also seen by comparing the
simulated inviscid YLs at the end of SL at points B, C, D and
E in Fig. 4b. It may also be seen from Fig. 4b that all the YLs
observed in the experiments are simulated very well.
If the yielding characteristics of cement-mixed soil, includ-
ing CMG, are properly modeled or simulated by FEM or the
distinct element method (e.g., Jiang et al., 2012), it is necessary
to take into account such effects of ageing, damage and
interaction, as well as the elasto-viscoplastic properties, as
described in this paper.7. Conclusions
The following conclusions can be derived from the present
study:
1) The yielding of compacted cement-mixed gravely soil when
loaded along arbitrary stress/strain histories in triaxial
compression (TC) can be described by yield loci (YLs)
that develop by the interactive double-yielding mechanism.
This mechanism comprises the bonding mechanism
(described by yield loci having a shape of constant vertical
stress) and the frictional mechanism (described by yield loci
having a shape of the Mohr–Coulomb failure criterion). The
two sub-mechanisms develop interactively and are con-
trolled by yielding, ageing and damage.
2) The process of yielding can be described by the basic
inviscid stress–strain relation (free from effects of ageingand damage) and the damage that is a function of
irreversible shear strain.
3) The ageing effect can be described by a function of the total
curing time, while controlled by loading history and the
current inviscid stress state.
4) The stress–strain behavior upon the restart of monotonic
loading at a constant strain rate, following sustained loading
(SL) at a ﬁxed stress state, is very stiff for some large range
in stress. This trend is due to (a) an expansion of inviscid
YL by yielding (associated with creep strain) and ageing
(associated with time elapsing) during SL, (b) an additional
gain by interactions between ageing and yielding during SL
and (c) instantaneous viscous effects.
5) The observed yield characteristics, including the gain in
strength due to initial curing and re-curing at an arbitrary
stress state for an arbitrary period, are well simulated by the
proposed model.References
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